We prove that any countable simple unidimensional theory T is supersimple, under the additional assumptions that T eliminates hyperimaginaries and that the D φ -ranks are finite and definable.
Introduction and preliminaries
Since 1995, a tremendous amount of work has gone into generalizing theorems known for stable theories to the broader class of simple theories. Among the remaining unanswered questions is whether simple unidimensional theories are supersimple. Hrushovski proved [3] that a stable unidimensional theory is superstable, using the the theory of definable automorphism groups and stable groups. Much of the current work on internality and automorphism groups in simple theories is motivated by trying to generalize Hrushovski's proof to the simple case. However, Hrushovski [2] had an earlier and "easier" proof of his theorem in the case where T is countable. With a little work these ideas DO adapt to the simple case, and this is what we present in the current paper.
I consider the additional assumptions to be quite mild, in that they should follow from unidimensionality (they easily do in the stable case). The condition on T that the D φ -ranks are finite and definable for each formula φ(x, y) is what we will call the "weak non finite cover property" or wnf cp. Recall that T has the nf cp (non finite cover property) if for any L-formula φ(x, y) there is some k < ω such that for any set A of parameters, {φ(x, a) : a ∈ A} is consistent if and only if |= ∃x(φ(x, a 1 ∧..φ(x, a k )) for any a 1 , .., a k ∈ A. The finite cover property was introduced by Keisler and studied sysatematically by Shelah [8] . As we point out below, if T has the nf cp then T is stable and has wnf cp. On the other hand in the presence of stability, wnf cp implies nf cp. Clearly if T has wnf cp then T is simple. We conjecture that any simple, nonmultidimensional theory has wnf cp. The wnf cp was introduced in [1] in connection with "lovely pairs" of models of a simple theory. The proofs in the current paper will make heavy and direct use of the properties of lovely pairs in the presence of wnf cp.
In the remainder of this section we will give precise definitions, as well as recall some facts which will be used later in the proof. For general facts about simple theories, SU -rank, canonical bases,..., see Wagner's book [9] . T will denote a complete theory in a language L. We work in a big saturated model M of T unless we say otherwise. We work freely in T eq . a, b, .. denote tuples of small length fromM eq . Likewise for sets A, B, ... A partial type Σ(x, b) is said to divide over a set A if there is an A-indiscernible sequence (b i : i < ω) of realizations of tp(b/A) such that ∪{Σ(x, b i ) : i < ω} is inconsistent. T is (by definition) simple (supersimple), if for every B and finite tuple a, there is a subset A of B of cardinality at most |T | (cardinality < ω) such that tp(a/B) does not divide over A. For T simple we will use "dividing" and "forking" interchangeably.
Let us now assume T to be a complete simple theory in a language L. T is said to be unidimensional if any two nonalgebraic types are nonorthogonal. That is, whenever p(x), q(y) are complete nonalgebraic types over sets A, B respectively then there is C ⊇ A ∪ B and nonforking extensions, p (x) of p and q (y) of q respectively, over C, such that for some realizations a of p and b of q , tp(a/C, b) forks over C.
Although we will not really make explicit use of the D φ ranks, we will give the definition. Let φ(x, y) be an L-formula, and ψ(x, a) a formula with parameters a.
) ≥ α and φ(x, b) divides over a, and for limit δ, D φ (ψ(x, a)) ≥ δ if it is ≥ α for all α < δ. We say that the D φ rank is finite and definable if (i) D φ (x = x) < ω and (ii) for any n and L-formula ψ(x, z) there is an L-formula χ(z) such that for all a, |= χ(a) if and only if D φ (ψ(x, a)) = n.
The L-formula φ(x, y) is said to be low if there is k < ω such whenever (b i : i < ω) is indiscernible and {φ(x, b i ) : i < ω} is inconsistent, then {φ(x, b i ) : i < k} is inconsistent. In [1] it is proved that φ(x, y) is low just if D φ (x = x) < ω. T is said to be low if every L-formula is low. Now we define the relations Q φ,ψ . Let φ(x, y) and ψ(x, z) be L-formulas. Then Q φ,ψ holds of b if whenever |= φ(a, b) then ψ(a, z) does not fork over b. We say that Q φ,ψ is definable if there is an L-formula χ(y) such that for all
Now we recall the lovely pairs. Let N < M be an elementary pair of models of T , and κ a cardinal ≥ |T | + . We call this pair (M, N ) κ-lovely if (i) for any A ⊆ M of cardinality < κ and p(x) ∈ S(A) (where x is a finite tuple of variables), some nonforking extension of
By a lovely pair (of models of T ) we mean a |T | + -lovely pair. Let L P be L together with a new unary predicate P . Any pair (M, N ) of models of T will be considered as an L P -structure by taking N as the interpretation of P . It is a relatively straightforward fact that any two lovely pairs of models of T are elementarily equivalent, as L P -structures. So T P , the common L P -theory of lovely pairs, is complete. L + P denotes the language obtained by adjoining to L P a new relation symbol R φ (x) for each L-formula φ(x, y). T + P will be the L + P -theory obtained by adding to T P the sentences ∀x(R φ (x) ↔ ∃y(P (y)∧φ(x, y)). (So any model of T P has a unique expansion to a model of T + P .) Now we can state one of the main results of [1] :
The following are equivalent: (i) For each L-formula φ(x, y), the D φ -rank is finite and definable, (ii) T is low and for each pair φ(x, y), ψ(x, z), Q φ,ψ (y) is definable, (iii) T is low and
Remark 1.2 (a) Even in the absence of simplicity, condition (i) in Proposition 1.1 makes sense, and actually implies simplicity. For an arbitrary complete theory T we will say that T has the "weak non finite cover property" (wnf cp) if T satisfies this condition (i). So if T has the wnf cp then T is simple, and for T simple each of the conditions (i) to (v) of 1.1 is equivalent to the wnf cp. (b) If T has wnf cp then T eliminates the "there exists infinitely many" quantifier, namely for every L-formula φ(x, y) there is an L-formula χ(y) such that for all b, φ(x, b) is algebraic iff |= χ(b). (c) T has the non finite cover property (as defined previously) just if T is stable and has wnf cp.
(c) follows because for T stable, lovely pairs coincide with Poizat's "belles paires", and Poizat proved [5] that a stable theory has the nonfcp just if any saturated model of the theory of belles paires is a belle paire.
For the purposes of the current paper we will need to know another couple of facts. The first is explicit in [1] (Remark 3.10). We will use it mainly in the case where A = ∅. The next fact is implicit in [1] but we will give a proof. Fact 1.4 Suppose T has wnf cp. Let φ(x, y), ψ(x, z) be L-formulas. Then X = {b: there is a such that |= φ(a, b), a / ∈ acl(b) and ψ(a, z) forks over b} is definable (over ∅).
Proof. (Note that if we forget about the a / ∈ acl(b) clause, the set we describe is precisely ¬Q φ,ψ (y) which is definable, by 1.1.) Let X 0 = {b: there is a / ∈ acl(b) such that φ(a, b) holds and there is no z such that ψ(a, z)}, and let X 1 = {b: there is a such that φ(a, b) holds, and ψ(a, z) is consistent but forks over b}. Then X = X 0 ∪X 1 . Note that X 0 = {b : (φ(x, b)∧¬∃z(ψ(x, z)) is nonalgebraic}, and so is definable by Remark 1.2(b) . On the other hand, it can be checked that
Let us finally say something about the "elimination of hyperimaginaries" hypothesis. By a hyperimaginary we mean something of the form a/E where a is a "small" tuple and E an equivalence relation on the set of realizations of tp(a) which is defined by a possibly infinite set of L-formulas. T is said to eliminate hyperimaginaries if any such E is equivalent on tp(a) to a conjunction of definable equivalence relations E i . (It then follows that a/E is "interdefinable" with the sequence (a/E i ) i of elements ofM eq .) It is well-known that stable theories eliminate hyperimaginaries. In this paper we probably only need the elimination of finitary hyperimaginaries, namely the case when a as above is a finite tuple. In any case we expect that elimination of hyperimaginaries follows from the wnf cp. From the elimination of hyperimaginaries assumption, we conclude that the canonical base of a (Lascar) strong type exists inM eq , and this is how we will use the assumption in the current paper.
Recent work of Shami is connected with the general problematic of this paper. In [6] , he proves that if T is simple, unidimensional, and eliminates finitary hyperimaginaries, then T eliminates the "there exists infinitely many" quantifier. In [7] , he proves that if T is countable, simple, unidimensional and small (meaning that S(T ) is countable), then T is supersimple.
The main result and its proof.
We will prove: Theorem 2.1 Let T be a countable, complete, simple, unidimensional theory with wnf cp and which eliminates hyperimaginaries. Then T is supersimple.
Let T be as in the assumptions. We aim towards finding a formula θ(x) (maybe with parameters) such that SU (θ) < ∞, namely every type containing θ has SU -rank < ∞. As in the stable case (see Proposition 7.1.15 of [4] ), one concludes from the existence of θ, unidimensionality of T , and an "analyzability" argument, that T is supersimple. I guess one also requires the elimination of hyperimaginaries assumption here too. In any case, details of the argument also appear in [6] .
There is no harm in adding constants for elements of a countable model M 0 . Moreover we may assume that there is some complete type p 0 (w) ∈ S(M 0 ) such that SU (p 0 ) = 1. Let (M , P ) be a very saturated lovely pair of models of T . So in particularM is a saturated model of T in which we shall work. For a variable x of a given sort, let S x (T P ) be the space of complete types in variable x of the theory T P , equipped with the usual (Stone space) topology. Note that for a ∈M , whether or not tp L (a/P ) forks over ∅ depends only on tp L P (a). Let S * x (T P ) = {tp L P (a) : a ∈M , a / ∈ P , and tp L (a/P ) does not fork over ∅}.
(ii) The forgetful map π : S x (T p ) → S x (T ) which takes p ∈ S x (T P ) to p|L ∈ S x (T ), induces a bijection between S * x (T P ) and the set S x,na (T ) of complete nonalgebraic x-types of T .
Proof. (i) By lowness of T (see Fact 1.1) for each L-formula φ(x, y) there is some set Σ φ (y) of L-formulas, such that for any b ∈M , φ(x, b) L-forks over ∅ iff |= Σ φ (b). We may assume that Σ φ is closed under finite conjunctions. For each σ(y) ∈ Σ φ (y), let ψ σ (x) be the L P -formula ¬∃y ∈ P (σ(y) ∧ φ(x, y)).
(ii) First, if p(x) ∈ S * x (T P ), then p|L is nonalgebraic. (For otherwise any realization of p(x) would be in M 0 which is included in P ). Now suppose that q(x) ∈ S x,na (T ). Then by lovelieness of (M , P ), some L-nonforking extension of q(x) over P is realized inM by a say. Note that a / ∈ P so q * = tp L P (a ) ∈ S * x (T P ). By Fact 1.3, if a ∈M realizes any nonforking extension of q over P , then for any L-formula φ(x, y), (M , P ) |= ∃y ∈ P (φ(a , y)) ↔ ∃y ∈ p(φ(a , y)). Hence, as T + P has quantifier-elimination (by Fact 1.1), tp L P (a ) = tp L P (a ) = q * . So q * is the unique element of S * x (T P ) which maps to q.
Let us endow the set S x,na (T ) with the topology τ coming from the bijection π|S * x (T p ) : S * x (T P ) → S x,na (T ) given by 2.2, where S * x (T P ) is given the subspace topology as a subset of the Stone space S x (T P ). For a pair (φ(x, y), ψ(x, z)) of L-formulas, let U (φ,ψ) be the set of p ∈ S x,na (T ) such that for some (any) a realizing p, φ(a, y) does not L-fork over ∅ and ψ(a, z) does L-fork over ∅.
Lemma 2.3
The sets U (φ,ψ) are a basis for the topology τ on S x,na (T ).
Proof. Let φ(x, y), ψ(x, z) be L-formulas. δ φ,ψ (x) be the L P -formula ∃y ∈ P (φ(x, y)) ∧ ¬∃z ∈ P (ψ(x, z) ). Note that any finite conjunction δ φ 1 ,ψ 1 (x) ∧ ... ∧ δ φn,ψn (x) is equivalent (in T P ) to some δ φ ,ψ . So, as T + P has quantifierelimination in L + P , any L P -formula δ(x) is equivalent to a finite disjunction of formulas of the form δ φ,ψ (x). Now let p * ∈ S * x (T P ) and let
. So the lemma follows from the definition of the τ -topology.
We now bring in the rest of our assumptions. For now we work in T .
Lemma 2.4 Let p(x) ∈ S x,na (T ). Then there are ∅-definable functions f (x) and g(u, w 1 , .., w n ) such that ( * ) f,g : for some b and realization a of p such that a is independent from b over ∅, f (a) / ∈ acl(∅) and there are realizations c 1 , .., c n of p 0 such that
Proof. This is standard, but we recall the construction. By unidimensionality, p(x) is nonorthogonal to p 0 (w). So there are B and a realizing a nonforking extension of p over B such that a forks with c over B for some realization c of p 0 (necessarily independent from B over ∅). Then the canonical base of Lstp(cB/a) is in the definable closure of a Morley sequence of stp(cB/a) and also in acl(a). Under our assumptions, this canonical base is a set of elements ofM eq . Let d / ∈ acl(∅) be in Cb(stp(cB/a), and let d be its set of a-conjugates. Then d ∈ dcl(a) \ acl(∅) and also d is in the definable closure of a set (c 1 B 1 , . ., c n B n ) where (c i B i ) i is an a-independent set of realizations of tp(cB/a). In particular a is independent from b = B 1 ∪ .. ∪ B n over ∅ and all the c i realize p 0 . We may assume that b is finite. So d = f (a) = g(b, c 1 , .., c n ), for some ∅-definable functions f and g.
For each pair f, g of ∅-definable functions, let W f,g be the set of p(x) ∈ S x,na (T ) such that ( * ) f,g holds for p. Lemma 2.5 Each W f,g is a closed subset of S x,na (T ) for the τ -topology.
Proof. Let p(x) ∈ S x,na (T ) be in the τ -closure of W f,g . So for each formula φ(x) ∈ p(x) and formulas ψ 1 (x, u), .., ψ r (x, u) such that each ψ i (a, u) forks over ∅ whenever a realizes p(x), there is q(x) ∈ W f,g such that φ(x) ∈ q and each ψ i (a , u) forks over ∅ whenever a realizes q(x). In particular, there are b and a such that |= φ(a ) ∧ ¬ψ 1 (a , b) ∧ ... ∧ ¬ψ r , and such that f (a ) / ∈ acl(∅) and f (a ) = g(b, c 1 , .., c n ) for some realizations c i of p 0 . By compactness p(x) ∈ W f,g . Corollary 2.6 For some f, g, W f,g has nonempty interior in the τ -topology.
Proof. This is by definition of the τ -topology, Lemma 2.2 (i), and the fact that Baire category holds for G δ subsets of compact spaces.
Let U be a nonempty basic τ -open subset of S x,na (T ) which is contained in W f,g , where g = g(u, w 1 , .., w n ) say. Let z be a variable corresponding to the range sort of f . Let f (U ) = {tp L (f (a)) : tp(a) ∈ U }. It is clear, by the definition of W f,g that f (U ) ⊂ S z,na (T ). S z,na (T ) is equipped also with a τ -topology.
Lemma 2.7 (i) f (U )
is an open subset of S z,na (T ) in the τ topology.
(ii) For any q(z) ∈ f (U ), SU (q(z)) ≤ n.
Proof. (i) Identify S x,na (T ) with S * x (T P ) and S z,na (T ) with S * z (T P ), where these spaces have the Stone topologies. So U is given by an L P -formula χ(x). f (U ) is defined by ∃x(χ(x) ∧ f (x) = z) and so is open in S * z (T P ). This is enough.
(ii) If q(z) ∈ f (U ), then are b, and d realizing q independent of b such that d ∈ dcl(b, c 1 , .., c n ) for some realizations c 1 , ., c n of p 0 . So SU (q(z)) ≤ n.
Working in the space S z,na (T ) with its τ -topology, f (U ) contains some nonempty basic open set of the form U φ(z,y),ψ(z,v) = {q(z) ∈ S z,na (T ) : φ(a, y) does not fork over ∅ and ψ(a, v) forks over ∅ for all (some) a realizing q}. 
